Abstract. Ordinary differential equations (ODEs) are often used to model the dynamics of (often safety-critical) continuous systems.
Introduction
Many real-world systems with continuous dynamics can be modeled with ordinary differential equations (ODEs). An important task is to determine for a set of initial states all reachable states. This requires to compute enclosures for solutions of ODEs, which is done by tools for guaranteed integration (e.g., VNODE-LP [21] or COSY [5] ) and also by tools for reachability analysis of hybrid systems (with the state-of-the-art tool for linear dynamics SpaceEx [13] and tools supporting non-linear dynamics like Flow* [9], HySAT/iSAT [12] , or Ariadne [4]). Such tools aim at computing safe overapproximations, an intended use is often the analysis of safety-critical systems. Therefore any effort to improve the level of rigor is valuable, and such efforts have been undertaken already: Nedialkov [21] implemented VNODE-LP using literate programming such that correctness of the code can be examined by human experts. Taylor models, which are used to represent reachable sets in COSY, Flow*, and Ariadne, have been formalized in theorem provers in the context of Ariadne [10] but also as a generic means for validated numerics [8, 25] .
Here we present the formal verification of an algorithm for reachability analysis of continuous systems. The algorithm splits, reduces and collects reachable sets during the analysis, crucial features for being able to analyze chaotic systems. Propagation of reachable sets is implemented using higher-order RungeKutta methods with adaptive step size control. The formal verification of all those algorithms is a novel contribution and a qualitative improvement on the level of trust that can be put into reachability analysis of continuous systems. Experiments show that our algorithms allow to analyze low-dimensional, nonlinear systems that are out of reach for many of the existing tools. Nevertheless, our work should not be considered a rival to the existing tools or concepts, which are more mature and flexible. We would rather like to demonstrate that formal verification does not exclude competitive performance.
We build on our formalization of affine arithmetic and the Euler method [15] . The verification is carried out with respect to the theory of ODEs in the interactive theorem prover Isabelle/HOL [22] . Every definition and theorem we display in this document possesses a formally proved and mechanically checked counterpart. The development is available in the Archive of Formal Proofs [18].
Related Work: ODEs and ITPs
In addition to the previously mentioned work on analysis of continuous systems, there also exists related work on differential equations formalized in theorem provers: Spitters and Makarov [20] implement Picard iteration to calculate solutions of ODEs in the interactive theorem prover Coq, but restricted to relatively short existence intervals. Boldo et al. [6] approximate the solution of one particular partial differential equation with a C-program and verify its correctness in Coq. Platzer [23] uses a different approach in that he does not do numerical analysis but uses differential invariants to reason symbolically about dynamical systems in a proof assistant.
Main Ideas
In what follows, we consider the problem of computing reachable sets for systems defined by an autonomous ODEẋ = f (x) with f : R n → R n . We denote the solution depending on initial condition x 0 and time t with ϕ(x 0 , t). Reachability analysis aims at computing (or overapproximating) all states of the system that are reachable from some set of initial states X 0 ⊆ R n within a time horizon T ⊆ R, i.e., the set ϕ(X 0 , T ).
We will start by illustrating the main ingredients of our algorithm for reachability analysis. We do not claim originality for those ideas, however combining all of them for numerically solving ODEs and especially formally verifying them is, to the best of our knowledge, a novel contribution.
Rigorous Numerics. First of all, in any numerical computation, continuous, realvalued quantities are approximated with finite precision. One therefore needs to cope with round-off errors. Reasoning about them explicitly gets very tedious. We therefore take the approach of set-based computing, or rigorous numerics:
